A series of successively more accurate wavefunctions (of the natural orbital form) for the helium-atom groknd state (the best yielding 98.6% of the correlation energy) is used to analyse the 1200eV non-coplanar symmetric (e,2e) data for helium with the plane-wave impulse approximation. Particular attention is focused upon the determination of the ratio for populating the n = 2 (2s and 2p) and 1s ion states. It is seen that the cross section ratio (at low recoil momentum) converges satisfactorily as additional target natural orbitals are utilised for the calculation of the overlap function. The convergence of the cross section ratio at high azimuthal angles is seen to be much slower.
Introduction
The non-coplanar symmetric (e,2e) reaction at high energies has proved to be a powerful tool (Weigold and McCarthy 1978) for investigating the momentum distributions of electrons in atoms and molecules. Quite recently an (e, 2e) experiment upon helium was completed (Cook et a Z 1984) yielding momentum distributions for the n = 1 (1s) and n = 2 (2s and 2p) lines much more accurate than any previously obtained.
The first experiment on helium (Hood et a1 1973) measured the momentum distributions for the primary transition at a variety of energies and was in complete agreement with predictions made with the target Hartree-Fock approximation (THFA). The more recent experiments (McCarthy et aZ1974, Dixon et aZ1976, Cook et a1 1984) have concentrated on determining the ratio for populating the n = 2 and 1s ion states. Within the THFA this ratio should remain constant as the ion recoil momentum ( q ) varies; however this is not what is observed experimentally. In order to explain the variation of the cross section ratio with q, an accurate correlated wavefunction (Joachain and Vanderpoorten 1970) for the helium ground state was used for the evaluation of the overlap function and gave results consistent with the experimental findings. There have also been some calculations of this ratio using alternative wavefunctions (Larkins 1981, Larkins and Richards 1983) to test the sensitivity of the (e, 2e) technique in discriminating between different wavefunctions. These calculations with alternative wavefunctions give different values for the cross section ratios. In particular, large differences in the cross section ratios for populating the 2p (c7zp/c71s) and 2s (c72s/c71s) states exist between the Nesbet-Watson (NW) (Nesbet and Watson 1958) and Joachain and Vanderpoorten ( JV) wavefunctions.
In this work a configuration interaction (CI) wavefunction more accurate than any previously employed is used to determine the (e, 2e) cross sections. In addition, we repeat some of the calculations using alternative wavefunctions and it is seen that the difference between the calculated (e, 2e) cross sections that result from the highest quality wavefunctions are small as one would intuitively expect.
Theory
In the (e, 2e) reaction a n incident electron beam ( E o , p o ) is used to ionise a target atom (or molecule) and since both outgoing electrons ( E , , p , , E 2 , p 2 ) are detected in coincidence the kinematics of the reaction is completely determined. Ignoring the small kinetic energies of the target atom and recoiling ion, the separation energy is given by
&f=EO-El-E2
( 1) while the recoil momentum of the ion is
Using the non-coplanar symmetric geometry (El = E*, el = e2 = e ) the magnitude of the ion recoil momentum is
where 4 is the azimuthal angle of p 2 measured from the pol p1 plane.
The plane-wave impulse approximation ( PWIA) is normally used to analyse experiments performed in this geometry. This is justified by the high energies of the incident electron and both the outgoing electrons and the large value for the momentum transfer (choosing 0 = 7r/4),
which enhances the validity of the binary encounter approximation. Averaging over the spin states of the scattering electrons and summing over the final ion state degeneracies gives where
and the overlap function G,(q) is a structure factor involving the momentum space overlap between the target initial and final ion states. Since the helium-ion states are known exactly the only approximation concerning the determination of the overlap function is the wavefunction used for the helium ground state. In the CI ansatz the two-electron wavefunction can be written isj 1 where the configurations are antisymmetric state functions constructed to have 'S symmetry. The single-particle orbitals used for constructing the wavefunction have the form where the radial function Pif( r ) is written in terms of a linear combination of Slater-type orbitals (STO), i.e.
Once the linear expansion coefficients (the q, in equation (7)) have been determined it is possible to apply a unitary transformation (usually termed the natural orbital (NO) transformation) to the orbitals to recast the wavefunction into a particularly compact form, namely While the NO transformation ( Lowdin 1955 ) leaves the wavefunction unchanged this specific form for the wavefunction has a number of properties that make it particularly useful. One feature is that the evaluation of the overlap function is simplified giving
The other useful feature is that the NO expansion is more rapidly convergent (with respect to the energy) than any other CI expansion and since the terms in the NO series can be ordered with successively smaller linear-expansion coefficients (the iit,f) it is possible to determine to some extent whether the overlap function has converged.
To construct a NO wavefunction a preliminary CI calculation must be made to determine the initial wavefunction which is to be subjected to the NO transformation. For this calculation a set of single-particle orbitals completely spanning a space of 21 STO (9 s, 5 p, 3 d, 3 f, 1 g) was used and those NO with TS 5 (i.e. 5 s, 4 p, 3 d, 2 f and 1 g) were retained. To test the numerical stability of our calculation the Hamiltonian was further diagonalised in a configuration space including all the diagonal (lz')) and non-diagonal ( IzJ), j # i) configurations. The largest off -diagonal coefficients dv,l were smaller than lo-' and the energy of this wavefunction was -2.903 146 au giving 98.6% (0.041 47 au) of the known correlation energy (0.042 04 au). Nine s-type STO were included in the original basis since it is the population of the 2s ion state that dominates the n = 2 cross section at all q values. Specific details of the STO basis set, the natural orbitals and the expansion coefficients Liz,l for our NO-CI wavefunction are given in table 1. The details of our calculation agree quite well with those of a multiconfiguration Hartree-Fock (MCHF) calculation (Froese Fischer 1973) which used a set of diagonal configurations very similar in size to the present set. The present energy was only marginally lower than the MCHF energy (-2.903 033 au) and moreover the -configuration mixing coefficients were quite similar. The respective values for the E2, Figure 1 shows that in momentum space the higher NO tend to be successively more diffuse, a fact consistent with previous findings that in position space the natural orbitals are localised about the orbital (Froese Fischer 1973) . This indicates that the corrections made by the inclusion of additional NO should be most important at high values of the recoil momentum. From table 2 we see that the overlap function for the primary transition is dominated by the E term. We have used the full overlap function to compute the cross section for this transition. Since the results were essentially the same (within 2% for q < 10 au) as those given by the H F overlap function we see no point in giving any further details. However, for the transitions to the 2s and 2p ion states it seems obvious from table 2 that at least the first two terms must be included in each case for Gf( q ) to be accurate to within 5 % . This is confirmed in figure 2 where the cross section ratio uf/uls for the 2s and 2p ion states is depicted with successively more terms used for the computation of the overlap function. For both these graphs, adding the final NO leads to no visible change in the shape of the curves. This demonstrated convergence tends to suggest that our 0.000 165
determination of the overlap function is accurate to at least 1% (for q<3.0 au) and that any discrepancies with experiment that may occur can be assigned to limitations of the PWIA or limited experimental accuracy. However, for higher values of q the accuracy of our overlap function cannot be guaranteed to the same extent. Figure 3 depicts the u2J ulS and m 2 J u l S cross section ratios (at a hypothetical energy of 20 000 eV for purely kinematic reasons) for q values between 3.0 and 16.0 au. The convergence of the ( T~~/ ( +~~ cross section ratio at a q value of 10.0 au is not complete, with differences of the order of 5% occurring between the two best calculations.
The convergence of the (+2p/mls ratio at the higher momenta is somewhat poorer than the m 2 s /~l s ratio. This is not very important, since this (m2p/(+ls) ratio decreases rapidly at high momenta and is already very small (< w3) when the problem becomes apparent. Since experimental measurements of the total cross section ratio at such high recoil momenta are quite difficult, it does not seem likely that inaccuracies in the 2p overlap function could be detected with present day experiments. The information embodied in figure 3 is also of relevance to photoelectron spectroscopy. The highenergy photoelectron experiments are done at a recoil momenta of about 10 au; clearly an accurate determination of the a( n =2)/m( n = 1) ratio could provide an exacting test of the helium overlap function. With regard to the current (e, 2e) data, the summed n = 2 cross section ratio (for our best calculation) is compared with the experimental data of Cook et a1 (1984) in figure 4. The differences between theory and experiment are marginal and consistent with the experimental limitations. Values for the cross section ratio using the JV, NW and NO-CI wavefunctions to represent the helium target are given in table 3. The results for the JV wavefunction are those that were depicted in Cook et a1 (1984) . For the NW wavefunction, we did not use the linear expansion coefficients given by Nesbet and Watson (1958) . Rather, we repeated the computations of Nesbet and Watson so as to have the wavefunction available to full machine precision. In addition, we subjected this more precise NW wavefunction to a NO transformation so that we could do our calculations using the same program that was used with the NO-CI wavefunctions. The distinctions between the results (for q < 3.0 au) are quite small and could not be easily depicted on figure 4.
A previous calculation (Larkins and Richards 1983) reported somewhat larger differences. One feature of this previous calculation that was surprising was that the ratio for populating the 2p and 2s states, i.e. u2p/u2s, was quite different for the N W and JV wavefunctions (table 4) .
Since the present calculations (table 4) demonstrate that the u2p/r2s ratio does not change greatly for the different wavefunctions we do not believe this result is credible. One would intuitively expect that three wavefunctions which all give at least 96% of the correlation energy would give roughly the same value of the u2p/ u22s ratio at values of the recoil momentum which are not excessively large. Examination of equations (2.10) to (2.12) given by Larkins (1981) his calculations with the NW wavefunction since these equations are clearly incompatible with our equivalent, namely equation (11). It is easy to demonstrate that it is the formulae given by Larkins that are in error since these do not yield correct results in various THFA limits. With respect to the possible errors made by Larkins and Richards (1983) in their calculation using the JV wavefunction, one can only speculate since they do not describe their calculation in sufficient detail to permit the identification of the source of the error.
Conclusion
The a(n=2)/cr(n= 1) cross section ratio for the binary (e, 2e) spectrum of helium has been determined within the PWIA using a series of successively more accurate wavefunctions. In contradiction with previous work, we find that using alternative target wavefunctions to determine the overlap functions leads to only minimal changes in the cross section ratio provided these wavefunctions are of sufficiently high accuracy. The presently available (e,2e) data cannot be used to discriminate between the high-quality wavefunctions since the uncertainties implicit in the reaction model (the PWIA) and the experimental measurements are larger than those inherent in our calculations of the helium-atom ground state.
